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We show that powerlike non-perturbative behavior of gluon and ghost propagators in the infrared
sector of the Yang-Mills theory in the Landau gauge may provide a negative T 4–contribution to
pressure and energy density of strongly interacting media. We show that thermodynamics of Yang-
Mills theory at low temperature provides a new relation between non-perturbative infrared critical
exponents of gluon and ghost propagators. We also discuss the case of high temperatures.
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Zeroes of the Green functions play important role in
various condensed matter systems ranging from super-
fluid 3He to unconventional superconductors [1]. It is
also known that under particular circumstances poles of
particle’s Green functions in momentum space – which
determine excitation spectrum of the system – can be
transformed to its opposites, into zeroes. A known ex-
ample of such a system is a Mott insulator in which a pole
of the one–particle Green function becomes a zero as the
system passes through the Mott transition [2]. In parti-
cle physics a similar example is provided by the theory
of strong interactions. Long time ago it was suggested
by Gribov [3] that in the Landau gauge the perturbative
pole of the gluon propagator is converted into a zero at
the vanishing momentum. And, indeed, both analyti-
cal and recent numerical simulations indicate [4] that in
the confinement phase the infrared pole is converted into
a zero. The effect is related to a violation of reflection
positivity and suggested to be a signature of the color
confinement. The aim of this paper is to demonstrate
that the suppression of the gluon propagator in the in-
frared region may have interesting consequences for the
thermodynamics, too.
Before going into details we would like to make a gen-
eral comment about gauge invariance. Despite of the
fact that Green functions in a non-Abelian system are
essentially gauge-variant quantities they may be directly
linked to confinement and the thermodynamics of the
system. A simplest example of this kind is provided by
Ref. [3] which relates a linear increase of the color charge
interaction at large distances to cancellation of the in-
frared pole of the gluon Green function. A similar exam-
ple is given by the Kugo-Ojima confinement criterion [5]
which relates infrared behavior of the gluon and ghost
propagators in the confinement phase.
Generally, thermodynamic quantities of a system at
finite temperature T in the volume V can be calculated
with help of the partition function Z which is related to
the thermodynamic potential Ω = −T logZ = E − TS,
and, consequently, to the pressure P , the entropy S, and


































Non-perturbative features of the strongly interacting
system are manifested, in particular, in a strong sup-
pression of the energy density ε = E/V and pressure P







≪ 1 for T ≪ Tc , (4)
both for the pure gluonic SU(3) case [6] and for a more
realistic strongly interacting system with light quarks [7].
The suppression (4) is to be compared with a free-particle
case which corresponds to the tree level (g → 0) of the
Yang–Mills perturbation theory,
εfree = 3Pfree = Nd.f.CSB T
4 , CSB = π
2/30 , (5)
describing Nd.f. = 2(N
2
c −1) degrees of freedom of N
2
c −1
non-interacting gluons with two transverse polarizations.
In Eq. (5) CSB represents the Stefan-Boltzmann constant
per degree of freedom. Hereafter we consider pure glu-
onic SU(3) gauge system because in our considerations
dynamical quarks do not play any essential role.
The suppression (4) is a consequence of two intimately
connected properties of QCD, namely, the confinement
of color and the mass gap generation. Indeed, since glu-
ons are colored objects, they are confined into colorless
bound states which are glueballs in pure gluonic system.
The glueballs are to be massive due to the mass gap gen-
eration, and, in agreement with Eq. (4), contributions of
2the massive excitations to thermodynamic quantities are
to be suppressed at low temperatures as O(exp{−M/T })
where M is the mass gap of the system. The mass gap is
defined by the mass of the lowest ground–state glueball
O++ which is much larger than the critical temperature
Tc of the phase transition [6, 8], MO++ ≈ 5.7Tc.
The simplest quantity for a homogeneous system in a





Perturbatively, the expression for the pressure can for-
mally be divided into two terms:
P = Pfree + Pint , (7)
where the first term is the tree level (free) contribution
Pfree given by the Stefan-Boltzmann law (5). The second
term Pint in Eq. (7) is a correction arising from interac-
tions. The interaction part of thermodynamic quantities
can be written as a functional of full propagators and
vertices, as it is presented, e.g., in Ref. [9].
Due to nonperturbative effects the interaction term
Pint must cancel the polynomial T
4 behavior (5) of the
free part of pressure Pfree according to Eq. (4). In order
to make explicit calculations one generally needs to per-
form a gauge fixing, and below we consider the Landau
gauge which – being both Lorentz– and color–symmetric
– is one of the most studied gauges in the literature.
At a finite temperature the gluon propagator in the
Landau gauge is parameterized by the two structure func-
tions: the spatially transverse (or, “magnetic”) function
DT and longitudinal (or, “electric”) function DL,
Dabµν(p, p4) = δ
ab
[





Here PTµν and P
L
µν are, respectively, projectors onto spa-








where Pµν is the standard O(4)–symmetric projector cor-
responding to zero temperature case with p2 = p2 + p24.
The ghost propagator is parameterized by a single
structure function, G:
Gab(p, p4) = −δ
abG(p, p4) . (10)
We expect that at low temperatures, T ≪ Tc, the
difference between the transverse DT and the longitu-
dinal DL structure functions can be neglected, because
of the mass gap. In fact the difference δD ≡ DT −DL ∝
O(exp{−M/T })≪ 1 must drop down quicker than any
power of T as the temperature T getting smaller. There-
fore we note in advance that our setting
D(p) ≡ DL(p) = DT (p) (as T → 0) , (11)
cannot affect our final result because δD does not contain
a T 4–term which could interfere with the perturbative
contribution (5) in, say, the full pressure (7) to guarantee
desired implementation of the suppression (4).
As we have mentioned earlier, one of the most notable
features of the propagators in the Landau gauge is the
suppression of the gluon propagator and the simultane-
ous enhancement of the ghost propagator in the infrared







as p2 → 0 . (12)
where γD and γG are the infrared exponents. Moreover,
we assume that the functions HD and HG are analytical
at p = 0.
The infrared suppression of the gluon propagator is a
consequence [3, 11] of the structure of the fundamental
modular region in the Landau gauge [12]. The infrared
exponents are related to each other:
γD + 2γG = 0 , (13)
as it follows from the Kugo-Ojima result [5] (see also
a related discussion in Ref. [4]). In fact, the suppres-
sion (γD > 0) of the gluon propagator and the enhance-
ment (γG < 0) of the ghost propagator in the infrared
region was demonstrated both in numerical lattice simu-
lations [14, 15, 16] and in analytical approaches based on
Dyson–Schwinger equations in the Landau gauge [17].
The aim of this paper is to relate the critical behav-
ior of the propagators in the infrared region (12) to the
vanishing pressure (and the energy density) in the low-
temperature limit of the confinement phase (4). More-
over, we show that the requirement (4) – taken on the
level of propagators alone – provides a certain constraint
on infrared exponents of gluon and corresponding ghost
propagators in the Landau gauge.
The infrared properties of the gluonic fields at the level
of propagators have already been used to study the ther-
modynamic quantities of the Yang–Mills plasma [18] in
the Coulomb gauge. The idea is that the restriction of the
configuration space due to gauge fixing condition leads
to the modification of the dispersion relations of the glu-
ons defined by the position of the poles of the propaga-
tor. Influence of non-perturbative features of the Green
functions on the thermodynamic potential was also dis-
cussed in the Landau gauge in Refs. [19, 20]. In this
paper we concentrate on zeroes rather than on poles of
the propagators (or, of the corresponding dressing func-
tion, p2D(p2)) and show that zeroes give new T 4 terms in
the equation of motion. The new terms have potential to
explain cancellation of the perturbative contribution at
low temperature and, plausibly, may also be relevant to
the thermodynamics of the system at high temperature.
In order to illustrate the basic idea let us consider a toy
model in the imaginary time formalism at a finite tem-
3perature T . The model describes one degree of freedom
given by the scalar field φ(x) with propagator defined as
D(x− y) = 〈φ(x)φ(y)〉 . (14)








d3xφ(x)D(−1)(x− y)φ(y) . (15)
where D(−1) is the inverse operator with respect to (14).
The partition function can be calculated following gen-










where we omit an irrelevant prefactor. Taking the trace
over the states in the momentum space, the pressure (1),















where the sum runs over the Matsubara frequencies,
ωn = 2πnT . (18)












and the expression for entropy density (2) can be ob-








The sums over the Matsubara frequencies (18) can be















dp0 fT (p0)ReF (p0) , (21)





is the Bose-Einstein distribution of a bosonic particle





F (p0) + F (−p0)
]
. (23)
Equation (21) is valid for any analytical function F (p0)
which does not have poles at purely imaginary values of
the p0 variable.
Let us apply Eq. (21) to the expression (19) for
the energy density (3). The first part of Eq. (21) is
temperature-independent and thus is irrelevant to the
thermodynamics of the system. The relevant part of the
energy density is explicitly temperature–dependent,
















Since the integrand in Eq. (24) is fast converging as
p0 → +∞, the contour of integration can be closed as
a semicircle at the right half of the p0-complex plane,
and the contribution to the integral (24) is then given by
poles of the function Fε(p0).
A part of the poles of the function Fε(p0) coincide with
the poles of the propagator D itself. This agrees with our
intuition since the particle content as well as the corre-
sponding energy spectrum of the model (15) is dictated
by the poles of the propagator D, Eq. (14). However, the
crucial point is that not only the poles of the propagator,
but also zeroes of D generically contribute to the energy
density (24), (25). In fact, a zero of the propagator D
corresponds to poles of the function Fε(p0) as can readily
be seen from Eq. (25).
Let us illustrate the point by a textbook example of a












p2 +m2, is the relativistic dispersion re-
lation. In the p0 > 0 half-plane the function (25)







has a pole at p0 = ωp with the residue
resp0=ωp F
free




leading – upon the use of Eq. (24) – to the standard result




ωp fT (ωp) . (29)
The same relation can obviously be obtained from (3)












4For m = 0 one recovers Eq. (5) with Nd.f. = 1.






then we get from Eq. (25)










There are two poles at the Re p0 > 0 half of the complex





























= εfree(T,m)− γ CSB T
4 ,
where εfree and CSB are given in Eqs. (29) and (5), re-
spectively.
It is now clear from Eq. (35) that the infrared sup-
pression (with γ > 0) in the particle’s propagator acts
oppositely to the pole: the suppression “subtracts” the
massless degrees of freedom (with the dispersion rela-
tion corresponding to a relativistic massless “particle”
ωp = |p|) while the pole “supplies” them to the spec-
trum. The same effect may also be seen in the expression
for the pressure (17) since
− logD(γ) = log(p2 +m2)− γ log(p2) + . . . , (36)
where ellipsis denote a momentum–independent term.
The zero of the propagator enters the expression for pres-
sure with a negative sign. Thus, we conclude that the in-
frared zero in the propagator with the critical exponent
γ acts as a “reservoir” for γ massless degrees of freedom
where γ is, in general, non-integer.
At this stage we conclude that for the particle’s ther-
modynamics the zeroes in the momentum-space Green
function (or, in the corresponding dressing function) are
as important as the poles. Despite the zeroes do not cor-
respond to states in the spectrum of the system they may
still contribute to the equation of state. The contribu-
tion of zeroes to the T 4 coefficients in the energy density
and pressure is negative. This fact could be interpreted
in such a way that the zeros correspond to the bound-
ing (or, confining) properties of the vacuum, which are
“subtracting” the degrees of freedom from the system.
Let us consider now the Yang-Mills theory. If one re-
stricts ourselves to the level of (full) propagators, the
pressure in the Yang–Mills theory at vanishingly low tem-









where D(p2) and G(p2) are the structure functions which
describe the gluon (8), (11) and the ghost (10) propa-
gators, respectively. The ghost structure function G in
the denominator of Eq. (37) corresponds to the Faddeev–
Popov determinant which subtracts unphysical degrees of
freedom after the gauge is fixed. If one neglects the inter-
actions, g = 0, then Dfree = 1/p2 and Gfree = 1/p2, and
therefore the energy and pressure are given by Eq. (5)
with Nd.f. = 2(N
2
c − 1), as expected.
However, if one takes into account the infrared dressing
of the propagators (12), then the perturbative coefficient
in front of the T 4 term in thermodynamic quantities is
modified. In case of the pressure, for example, one gets




and a similar relation could be obtained for the energy
density E. Then the suppression (4) of thermodynamic
quantities – if realized on the level of full propagators only
– implies the relation between the infrared exponents:
1 + γG − 2γD = 0 . (39)
Since the functions HD and HG from Eq. (12) are regu-
lar at p2 = 0 the poles and/or zeroes of these functions
do not contribute to the T 4–law at vanishingly low tem-
peratures, Eq. (38). Indeed, poles and/or zeros at the
momentum Re p0 > 0 would correspond to massive–like
contributions to equation of state which are exponentially
suppressed by the factor (22).
The relations (39) and (13) constitute a full system of
equations for the infrared couplings, with the solution
γD = 2/5 , γG = −1/5 . (40)
It is interesting to note that the positivity of the gluon
infrared exponent is qualitatively consistent with the in-
frared suppression of the gluon propagator expected from
other arguments [4]. However, the gluon infrared expo-
nent has too small value to guarantee vanishing of the
gluon propagator at p = 0, although the value of the
ghost exponent is consistent with the one found in lat-
tice simulations of Ref. [13]. Moreover, our result is dif-
ferent from the value obtained in studies of the Dyson–
Schwinger equations [17] and in lattice simulations1 at
1 Note that in order to obtain reliable values for the infrared ex-
ponents from lattice simulations one needs lattice volumes which
are much larger the ones available at present [15].
5large volumes [14, 15] which give approximately 3 times
bigger values, γD/2 = −γG ≈ 0.595, compared to our
solution (40).
Nevertheless, the constraint (4) coming from the low–
temperature thermodynamics shows a clear tendency to
soften the gluon propagator and to enhance the ghost
propagator at low momenta. To be cautious, in our cal-
culation we used the full gluon and ghost propagators but
ignored any possible contribution associated with gluon
and ghost vertices.
Finally, we mention that the proposed mechanism may
have interesting consequences at high temperatures. The
thermodynamic transition at T = Tc seem to affect only
the electric component of the gluon propagatorDL as re-
vealed by the recent analytical and numerical study [20].
In fact at asymptotically high temperatures the magnetic
sector of the Yang–Mills theory stays non-perturbative
which is reflected [19, 20], for example, in the persisting
infrared suppression of the magnetic partDT of the gluon
propagator at zero Matsubara frequency ω0 = 0 and at
vanishing spatial momentum |p| = 0. Thus we cannot
exclude an exciting possibility that the mechanism dis-
cussed in this paper, may also work at high temperatures,
leading to a negative contribution to the pressure (which
can, however, be affected by log T factors). This proposal
is in accord with the string theory arguments [22], as well
as with the observation of the pressure deficit in simula-
tions of the lattice Yang-Mills theory [6, 23, 24]. The lat-
ter is presently attributed to finite-size effects (see, how-
ever, discussion in Ref. [24]) and to the large corrections
coming from the perturbation theory at temperatures not
so high compared to Tc, Ref. [25].
To summarize, constraints on the infrared behaviour of
propagators brought by consideration of thermodynamics
of the gluonic medium might be a new non-perturbative
phenomenon in Yang-Mills theories.
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